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Abstract
This article studies the global hypoellipticity of a class of overdetermined
systems of pseudo-differential operators defined on the torus. The main goal
consists in establishing connections between the global hypoellipticity of the
system and the global hypoellipticity of its normal form. It is proved that an
obstruction of number-theoretical nature appears as a necessary condition to
the global hypoellipticity. Conversely, the sufficiency is approached analyzing
three types of hypotheses: a Ho¨rmander condition, logarithmic growth and
super-logarithmic growth.
Keywords: Global hypoellipticity, Pseudo-differential operators,
Overdetermined Systems, Liouville vectors, Fourier series.
2020 MSC: 35N05, 35N10, 35H10, 35B10, 35B65
Contents
1 Introduction 2
2 Systems with constant coefficients 4
2.1 Homogeneous symbols . . . . . . . . . . . . . . . . . . . . . . 7
3 Systems with variable coefficients 12
3.1 Necessary conditions . . . . . . . . . . . . . . . . . . . . . . . 13
∗Corresponding author
Email addresses: clebermedeira@ufpr.br (Cleber de Medeira ),
fernando.avila@ufpr.br (Fernando de A´vila Silva)
3.2 Sufficient conditions . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2.1 Ho¨rmander condition . . . . . . . . . . . . . . . . . . 22
3.2.2 Logarithm growth . . . . . . . . . . . . . . . . . . . . 24
3.2.3 Super-logarithm growth . . . . . . . . . . . . . . . . . 25
4 Reduction to normal form 27
4.1 Partial normal forms . . . . . . . . . . . . . . . . . . . . . . . 30
1. Introduction
This work deals with the global hypoellipticity of the following system of
pseudo-differential operators
Lj = Dtj + cj(tj)Pj(Dx), j = 1, . . . , n, (1.1)
on the torus Tn+N ≃ (R/2πZ)n+N , where cj are smooth functions on T1tj ,
Dtj = i
−1∂tj and Pj(Dx) are pseudo-differential operators of order mj defined
by
Pj(Dx)u(x) =
∑
ξ∈ZN
eix·ξpj(ξ)û(ξ). (1.2)
The expression û(ξ) = (2π)−N
∫
TN
e−ix·ξu(x)dx, ξ ∈ ZN , denotes the
Fourier coefficients of u and for each j the toroidal symbol pj(ξ) belongs to
the class Smj (ZN) in the sense of Definition 4.1.7 in [16]. In particular, there
exists a positive constant Cj such that
|pj(ξ)| ≤ Cj‖ξ‖mj , ∀ξ ∈ ZN . (1.3)
By (t, x) = (t1, . . . , tn, x1, . . . , xN) we denote the periodic variables in
Tn+N , while their duals are denoted by (τ, ξ) = (τ1, . . . , τn, ξ1, . . . , ξN) ∈
Zn+N . The normal form of system (1.1) is the constant coefficient system
Lj0 = Dtj + cj0Pj(Dx), j = 1, . . . , n, (1.4)
where cj0 = (2π)
−1
∫
T1
cj(s)ds.
By considering the associated closed 1-form c(t) =
∑n
j=1 cj(tj)dtj defined
on Tn, we have that system (1.1) (more precisely iLj , j = 1, . . . , n) gives rise
to a complex of pseudo-differential operators (see Section I.3 in [17]), which,
at the first step, acts in the following way
Lu = dtu+ c(t, Dx) ∧ u,
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where u ∈ C∞(Tn+N ) (or u ∈ D′(Tn+N )), dt denotes the exterior derivative
on Tn and c(t, Dx) ∧ u =
∑n
j=1 icj(tj)Pj(Dx)udtj. Analogously, we may
regard the normal form of L by defining
L0u = dtu+ c0(Dx) ∧ u,
where c0(Dx) ∧ u =
∑n
j=1 icj0Pj(Dx)udtj.
Therefore, the study of the global hypoellipticity of system (1.1), which
is the interest of this article, becomes equivalent to performing this study on
the complex of pseudo-differential operators, at the first step, as described
in [13], namely:
Definition 1.1. The operator L is said to be globally hypoelliptic if the condi-
tions u ∈ D′(Tn+N) and Lu ∈ ∧1C∞(Tn+N) imply u ∈ C∞(Tn+N). Equiva-
lently, system (1.1) is globally hypoelliptic when the conditions u ∈ D′(Tn+N )
and Lju ∈ C∞(Tn+N) for all j ∈ {1, . . . , n}, imply u ∈ C∞(Tn+N ).
By an abuse of notation, from now on we shall denote system (1.1) by L
and its normal form (1.4) by L0.
We point out that the local hypoellipticity and local solvability of sys-
tems of type (1.1) are described in the seminal work of Treves [17]. On the
other hand, the study of the global hypoellipticity of systems of differential
operators on compact manifolds, with special attention to vector fields, has
been intensively studied. We highlight Bergamasco, Cordaro and Malagutti’s
work [2]. These problems are also considered in terms of the scales of analytic
and Gevrey spaces; see for instance [1, 12] and references therein.
Although the analysis on global hypoellipticity and global solvability of
systems of differential operators, defined on compact manifolds, composes a
widely explored problem in the literature, less common is the study of such
global properties dealing with classes of pseudo-differential operators. In this
manner, this article contributes by presenting an approach for the study of
the global hypoellipticity of unexplored classes of systems on the torus.
This article is organized as follows: Section 2 discusses systems with cons-
tant coefficients. There, we present a characterization of the global hypoel-
lipticity for that case (see Theorem 2.2) by following the approach introduced
by Greenfield and Wallach in [8].
Additionally, Subsection 2.1 discusses systems on Tn+1 with homoge-
neous symbols. There, we present connections between global hypoellipticity
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and certain simultaneous Diophantine approximations (see Definition 2.7 and
Theorem 2.10).
In Section 3, the case of variable coefficients is studied. Subsection 3.1
is directed to the study of necessary conditions to the global hypoellipticity
of system (1.1), while Subsection 3.2 is dedicated to the study of sufficient
conditions.
In Theorem 3.5 we show that the global hypoellipticity of the normal form
(1.4) is a necessary condition to the global hypoellipticity of system (1.1).
On the other hand, in Theorem (3.7), we show that the opposite direction
holds true, provided that some operator Lj0 is globally hypoelliptic and that
suitable hypotheses are considered on the functions
ζ ∈ T1 7→ Mj(ζ, ξ) .= cj(ζ)pj(ξ), ξ ∈ ZN .
Several examples are presented in order to illustrate such hypotheses.
Finally, in Section 4, the reduction to the normal form is discussed. Under
appropriated conditions on the functions ℑMj(·, ξ), we will exhibit, in Theo-
rem 4.1, an isomorphism Ψ defined on both spaces D′(Tn+N) and C∞(Tn+N )
satisfying the conjugation
Lj = Ψ ◦ Lj0 ◦Ψ−1, j = 1, . . . , n.
In particular, it follows from this conjugation that L is globally hypoelliptic
if and only if the same occurs with L0.
2. Systems with constant coefficients
In this section we investigate the global hypoellipticity of the following
system with constant coefficient operators
Lj = Dtj + Pj(Dx), j = 1, . . . , n, (2.1)
defined on Tnt ×TNx , where Pj(Dx) are pseudo-differential operators of order
mj with toroidal symbol pj(ξ) ∈ Smj (ZN).
The symbol of each Lj is denoted by L̂j(τj , ξ) = τj + pj(ξ) and we refer
to
L̂(τ, ξ) = (L̂1(τ1, ξ), . . . , L̂n(τn, ξ)), (τ, ξ) ∈ Zn × ZN ,
as the symbol of system (2.1).
In our approach we make use of the following standard result:
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Proposition 2.1. Let {aη}η∈Zd be a sequence of complex numbers. The se-
ries given by
v(y) =
∑
η∈Zd
aηe
iy·η
converges in D′(Td) if and only if there exist positive constants C, M and R
such that
|aη| ≤ C‖η‖−M , ‖η‖ ≥ R. (2.2)
Moreover, v(·) ∈ C∞(Td) if and only if (2.2) is fulfilled for every M > 0. In
both cases we have v̂(η) = aη.
We prove that the global hypoellipticity of system (2.1) can be characte-
rized by extending the results of Greenfield’s and Wallach’s work [8], as stated
below.
Theorem 2.2. System (2.1) is globally hypoelliptic if and only if there exist
positive constants C,M and R such that
‖L̂(τ, ξ)‖ ≥ C‖(τ, ξ)‖−M , ‖(τ, ξ)‖ ≥ R. (2.3)
Proof: Suppose that (2.3) fails. Then, we take an increasing sequence
{(τℓ, ξℓ)}ℓ∈N ⊂ Zn+N such that
‖L̂(τℓ, ξℓ)‖ < ‖(τℓ, ξℓ)‖−ℓ, ∀ℓ ∈ N.
In view of Proposition 2.1, we have that u(t, x) =
∑∞
ℓ=1 e
i(t,x)·(τℓ,ξℓ) belongs
to D′(Tn+N) \ C∞(Tn+N). For each j ∈ {1, . . . , n} we set fj .= Lju. Then,
|f̂j(τℓ, ξℓ)| = |L̂j(τjℓ, ξℓ)| ≤ ‖L̂(τℓ, ξℓ)‖ ≤ ‖(τℓ, ξℓ)‖−ℓ, ∀ℓ ∈ N,
hence, fj ∈ C∞(Tn+N) and the system is not globally hypoelliptic.
Conversely, assume that (2.3) holds true and let u ∈ D′(Tn+N ) be a
solution of the equations
Lju = fj ∈ C∞(Tn+N ), j = 1, . . . , n.
By replacing the formal Fourier series of u and fj in the previous equations
we obtain
|L̂j(τj , ξ)||û(τ, ξ)| = |f̂j(τ, ξ)|, ∀(τ, ξ) ∈ Zn+N . (2.4)
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It follows from Proposition 2.1 that given ν > 0 there exist positive
constants Cν and Rν such that
max
j=1,...,n
|f̂j(τ, ξ))| ≤ Cν‖(τ, ξ)‖−(ν+M), ‖(τ, ξ)‖ ≥ Rν . (2.5)
Therefore, by combining (2.3), (2.4) and (2.5) we obtain
|û(τ, ξ)| ≤ CνC−1‖(τ, ξ)‖−ν, ‖(τ, ξ)‖ ≥ R˜,
where R˜ = max{R,Rν}. Hence, u is a smooth function on Tn+N and the
proof is complete.

Corollary 2.3. If there exists j ∈ {1, . . . , n} such that Lj is globally hypoel-
liptic on T1tj × TNx , then the system (2.1) is globally hypoelliptic.
Proof: If Lj is globally hypoelliptic, then there exist positive constants Cj ,
Mj and Rj such that
|L̂j(τj, ξ)| ≥ Cj‖(τj , ξ)‖−Mj , ‖(τj , ξ)‖ ≥ Rj. (2.6)
Hence, (2.3) is obtained by combining (2.6) and the following inequality
|L̂j(τj , ξ)| ≤ ‖L̂(τ, ξ)‖, (τ, ξ) ∈ Zn+N .

Corollary 2.4. Consider the sets Zj = {ξ ∈ ZN ; pj(ξ) ∈ Z}, j = 1, . . . , n.
If system (2.1) is globally hypoelliptic, then Z = ⋂nj=1Zj is finite.
Proof: If Z is infinite, we may write Z = {ξℓ}ℓ∈N, where ξℓ is an increasing
sequence. Thus, let τjℓ
.
= −pj(ξℓ), for all ℓ ∈ N. It follows that
L̂j(τjℓ, ξℓ) = τℓ + pj(ξℓ) = 0, ℓ ∈ N,
for each j ∈ {1, . . . , n}, then L̂(τ1ℓ, . . . , τnℓ, ξℓ) = 0, for all ℓ and, conse-
quently, (2.3) fails. 
Proposition 3.3 in [7] proves that set Z = {ξ ∈ ZN ; p(ξ) ∈ Z} being
finite is a necessary condition to the global hypoellipticity of a single operator
L = Dt + P (Dx) on T1+N . However, the following example not only shows
that the reciprocal of Corollary 2.3 is not true, but also exhibits a globally
hypoelliptic system, where each Zj in Corollary 2.4 is infinite.
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Example 2.5. Consider the system Lj = Dtj + Pj(Dx), j = 1, 2, where the
symbols pj(ξ) are given as follows:
p1(ξ) =
{
ξ, if ξ is odd
ia, if ξ is even
and p2(ξ) =
{
ib, if ξ is odd
ξ, if ξ is even
,
where a and b are non-zero real constants.
Hence,
Z1 = {ξ ∈ Z; ξ is odd} and Z2 = {ξ ∈ Z; ξ is even},
which implies Z1 ∩ Z2 = ∅ and
L̂(τ1, τ2, ξ) =
{
(τ1 + ξ, τ2 + ib), if ξ is odd,
(τ1 + ia, τ2 + ξ), if ξ is even.
It follows that ℑL̂(τ1, τ2, ξ) 6= 0 for all ξ ∈ Z, thus we may obtain a
positive constant C such that ‖L̂(τ1, τ2, ξ)‖ ≥ C, for all (τ1, τ2, ξ) ∈ Z3.
Thus, the system is globally hypoelliptic although each operator Lj is not.
Remark 2.6. The existence of globally hypoelliptic systems, where each ope-
rator Lj is not globally hypoelliptic, was first introduced by Bergamasco in [1].
Precisely, from Example 4.9 in [1], it follows that there exist two Liouville
numbers α and β such that the system
L =
{
L1 = Dt1 − αDx,
L2 = Dt2 − βDx,
is globally hypoelliptic on T3.
2.1. Homogeneous symbols
By taking inspiration from work [7], the main goal of this section is to
investigate the global hypoellipticity of a special class of constant coefficient
systems on Tnt × T1x, where each operator Pj(Dx), defined on T1, has a ho-
mogeneous symbol of positive and rational order κ, namely,
pj(ξ) = |ξ|κpj(±1), ∀ξ ∈ Z∗.
We will write
pj(1) = αj + iβj and pj(−1) = α˜j + iβ˜j ,
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and α = (α1, . . . , αn), α˜ = (α˜1, . . . , α˜n), β = (β1, . . . , βn) and β˜ = (β˜1, . . . , β˜n).
Therefore, the symbol of each operator Lj in system (2.1) can be written as
follows
|L̂j(τj , ξ)| = |τj + pj(ξ)| = |ξ|κ ·

∣∣∣∣ τj|ξ|κ + (αj + iβj)
∣∣∣∣ , if ξ > 0,∣∣∣∣ τj|ξ|κ + (α˜j + iβ˜j)
∣∣∣∣ , if ξ < 0. (2.7)
The idea here is to shed light on the connections between global hypoellip-
ticity and certain simultaneous Diophantine approximations of real numbers
by rationals with a common denominator. To be more precise, we introduce
the following definition.
Definition 2.7. Let α = (α1, . . . , αn) ∈ Rn \Qn be a vector and η ∈ N. We
say that α satisfies the condition (SDA)η if there exist a positive constant C
and a sequence (pℓ, qℓ) = (p1ℓ, . . . , pnℓ, qℓ) ∈ Zn × N such that
max
j=1,...,n
∣∣∣∣αηj − (pjℓ)ηqℓ
∣∣∣∣ < Cq−ℓℓ , ℓ ∈ N. (2.8)
It is important to point out that several papers dealing with global prop-
erties such as solvability and hypoellipticity, for differential systems, are inte-
rested in simultaneous Diophantine approximations, as the reader can see in
[1, 2, 4, 5, 9, 10, 15]. The usual approach in these works is to consider
Liouville vectors:
Definition 2.8 (Liouville vector). We say that a vector α = (α1, . . . , αn)
in Rn \ Qn is Liouville if there exist a positive constant C and a sequence
(pℓ, qℓ) = (p1ℓ, . . . , pnℓ, qℓ) ∈ Zn × N such that
max
j=1,...,n
∣∣∣∣αj − pjℓqℓ
∣∣∣∣ < Cq−ℓℓ , ℓ ∈ N. (2.9)
We claim that a Liouville vector α ∈ Rn \Qn satisfies (SDA)η, for every
η ∈ N. Indeed, if η = 1, it is obvious. In the other case, given a Liouville
vector α ∈ Rn \ Qn, we may find a positive constant C and a sequence
(pℓ, qℓ) = (p1ℓ, . . . , pnℓ, qℓ) ∈ Zn × N satisfying
max
j=1,...,n
∣∣∣∣αj − pjℓqℓ
∣∣∣∣ ≤ C(qηℓ )−ℓ, ℓ ∈ N.
8
Thus, for each j ∈ {1, . . . , n} we have∣∣∣∣αηj − (pjℓ)ηqηℓ
∣∣∣∣ = ∣∣∣∣αj − pjℓqℓ
∣∣∣∣ ·
∣∣∣∣∣
η∑
k=1
(
pjℓ
qℓ
)η−k
αk−1j
∣∣∣∣∣ .
Since the sum in the right hand side of the above equation converges to
ηαη−1j , there exists a positive constant C˜ such that
max
j=1,...,n
∣∣∣∣αηj − (pjℓ)ηqηℓ
∣∣∣∣ ≤ C˜ maxj=1,...,n
∣∣∣∣αj − pjℓqℓ
∣∣∣∣ ≤ C˜C(qηℓ )−ℓ, ℓ ∈ N.
The reciprocal of the previous claim is not true and the next example is
an illustration.
Example 2.9. Let L =
∑∞
k=1 10
−k! be the Liouville constant. Given an
integer η ≥ 2, we have that 3/2L η is a Liouville number, while η√3/2L is
not (see [14]). Thus, there exists a sequence (pℓ, qℓ) ∈ N2, qℓ → +∞, such
that ∣∣∣∣32L η − pℓqℓ
∣∣∣∣ < q−2ηℓℓ < q−ℓℓ , ℓ ∈ N.
Hence, |3/2L ηqℓ − pℓ| < q1−ℓℓ which implies pℓ < qℓ(3/2L η + q−ℓℓ ), for all
ℓ ∈ N. Therefore,
2ηpη−1ℓ qℓ < 2
η(3/2L η + q−ℓℓ )
η−1qηℓ ≤ qηℓ qηℓ = q2ηℓ ,
for ℓ sufficiently large.
Now, consider the following non Liouville vector α = ( η
√
3/2L ,
η
√
3 · 2η−1L )
in R2 \Q2. Thus, we obtain∣∣∣∣32L η − pℓqℓ
∣∣∣∣ < q−2ηℓℓ and ∣∣∣∣3 · 2η−1L η − 2ηpℓqℓ
∣∣∣∣ < 2ηq−2ηℓℓ ,
or equivalently∣∣∣∣32L η − 2ηpηℓ2ηpη−1ℓ qℓ
∣∣∣∣ < q−2ηℓℓ and ∣∣∣∣3 · 2η−1L η − 22ηpηℓ2ηpη−1ℓ qℓ
∣∣∣∣ < 2ηq−2ηℓℓ .
Finally, the previous argumentation implies
max
{∣∣∣∣32L η − (2pℓ)η2ηpη−1ℓ qℓ
∣∣∣∣ , ∣∣∣∣3 · 2η−1L η − (4pℓ)η2ηpη−1ℓ qℓ
∣∣∣∣} < 2η(2ηpη−1ℓ qℓ)−ℓ,
for ℓ large enough. We conclude that α satisfies (SDA)η.
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Theorem 2.10. Admit that each symbol pj = pj(ξ) is positively homoge-
neous of order κ = ρ/η, where ρ, η ∈ N and gcd(ρ, η) = 1. Then, the system
Lj = Dtj + Pj(Dx), j = 1, . . . , n,
defined on Tnt × T1x is globally hypoelliptic if and only if α ∈ Rn is neither
rational nor satisfies (SDA)η, whenever β = 0. Additionally, the same is
true for α˜ and β˜.
Proof: If β 6= 0 and β˜ 6= 0, then condition (2.3) is trivially obtained. Thus,
we start by considering the case β = 0 and β˜ 6= 0.
If α ∈ Qn, by taking a positive integer q such that qα ∈ Zn we have that
(qξ)η ∈ Z = ⋂nj=1Zj , for all ξ ∈ N. Then, it follows from Corollary 2.4 that
the system is not globally hypoelliptic.
If α ∈ Rn \Qn, by combining Greenfield’s and Wallach’s condition (2.3)
and (2.7), we may consider the following equivalence: the system is globally
hypoelliptic if and only if there exist positive constants C, M and R such
that
max
j=1,...,n
∣∣∣∣ τjξκ + αj
∣∣∣∣ ≥ C(|τ |+ ξ)−M , (2.10)
for all (τ, ξ) = (τ1, . . . , τn, ξ) ∈ Zn × N such that |τ |+ ξ ≥ R.
Note that we can write∣∣∣∣(τj)ηξρ + αηj
∣∣∣∣ = ∣∣∣∣ τjξκ + αj
∣∣∣∣ ·
∣∣∣∣∣
η∑
m=1
(
τj
ξκ
)η−m
αm−1j
∣∣∣∣∣ , (2.11)
for all (τ, ξ) = (τ1, . . . , τn, ξ) ∈ Zn × N and all j = 1, . . . , n.
If the system is not globally hypoelliptic, it follows from (2.10) that there
exists a sequence (τℓ, ξℓ) = (τ1ℓ, . . . , τnℓ, ξℓ) ∈ Zn × N such that
max
j=1,...,n
∣∣∣∣τjℓξκℓ + αj
∣∣∣∣ < (|τℓ|+ ξℓ)−ρℓ, |τℓ|+ ξℓ ≥ ℓ.
For each j = 1, . . . , n we observe that
∑η
m=1
∣∣(τjℓ/ξκℓ )η−mαm−1j ∣∣ converges
to η|αj|η−1 as ℓ goes to infinity. Consequently, this sum is bounded by a
constant Cj > 0. If C = max{Cj, j = 1, . . . , n}, then the previous inequality
together with (2.11) imply
max
j=1,...,n
∣∣∣∣(τjℓ)ηξρℓ + αηj
∣∣∣∣ ≤ C(|τℓ|+ ξℓ)−ρℓ ≤ C(ξρℓ )−ℓ,
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for all ℓ ∈ N. Therefore, α satisfies (SDA)η.
Assume now that α satisfies (SDA)η. Thus, there exist C0 > 0 and a se-
quence (rℓ, sℓ) = (r1ℓ, . . . , rnℓ, sℓ) ∈ Zn×N satisfying the following inequality
max
j=1,...,n
∣∣∣∣(rjℓ)ηsℓ + αηj
∣∣∣∣ ≤ C0(|rℓ|+ sℓ)−ℓ, ℓ ∈ N.
We claim that the system is not globally hypoelliptic. Indeed, suppose
otherwise by contradiction. Since gcd(ρ, η) = 1, there exist p˜, q˜ ∈ N such
that p˜ρ − q˜η = 1. Then, for each j = 1, . . . , n, the equality bellow follows
from (2.11):∣∣∣∣(rjℓ)ηsℓ + αηj
∣∣∣∣ =
∣∣∣∣∣(rjℓsq˜ℓ)ηsρp˜ℓ + αηj
∣∣∣∣∣ =
∣∣∣∣∣ rjℓsq˜ℓ(sp˜ℓ)κ + αj
∣∣∣∣∣ ·
∣∣∣∣∣
η∑
m=1
(
rjℓs
q˜
ℓ
(sp˜ℓ)
κ
)η−m
αm−1j
∣∣∣∣∣
=
∣∣∣∣∣ rjℓsq˜ℓ(sp˜ℓ)κ + αj
∣∣∣∣∣ ·
∣∣∣∣∣
η∑
m=1
(
(rjℓ)
η
sℓ
)(η−m)/η
αm−1j
∣∣∣∣∣ .
Since (rjℓ)
η/sℓ converges to α
η
j , for αj 6= 0 there exists a small εj > 0
such that ∣∣∣∣∣
η∑
m=1
(
(rjℓ)
η
sℓ
)(η−m)/η
αm−1j
∣∣∣∣∣ > η|αj|η−1 − εj > 0,
for large enough ℓ. On the other hand, if αj = 0, then rjℓ = 0 for large
enough ℓ.
We conclude that
C˜ max
j=1,...,n
∣∣∣∣(rjℓ)ηsℓ + αηj
∣∣∣∣ ≥ maxj=1,...,n
∣∣∣∣∣ rjℓsq˜ℓ(sp˜ℓ)κ + αj
∣∣∣∣∣ ,
where C˜ = maxαj 6=0 (η|αj|η−1 − εj)−1 > 0 and ℓ is large enough.
Finally, the previous inequality together with (2.10) imply that
C0C˜(|rℓ|+ sℓ)−ℓ ≥ C(|r1ℓsq˜ℓ |+ · · ·+ |rnℓsq˜ℓ |+ sp˜ℓ)−M
= C(sq˜ℓ |rℓ|+ sp˜ℓ)−M .
Hence
(|rℓ|+ sℓ)ℓ
(sq˜ℓ |rℓ|+ sp˜ℓ)M
≤ C0C˜
C
,
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for large enough ℓ, which is a contradiction since the sequence in the left
hand side of the above inequality goes to infinity.
The case in which β 6= 0 and β˜ = 0 is completely analogous to the previous
one. If β = 0 and β˜ = 0 we have that the system is globally hypoelliptic
if and only if α and α˜ belong to Rn \ Qn and both do not satisfy (SDA)η.
The proof in this case will be omitted, since it can be obtained by a slight
modification in the previous arguments.

The following example is an immediate consequence of Theorem 2.10.
Example 2.11. Let η ≥ 2 be an integer. Consider the vector α ∈ R2 \ Q2
obtained in Example 2.9. Thus, the system
Lj = Dtj + αj(D
2
x)
1/2, j = 1, 2,
is globally hypoelliptic on T2t × T1x, while the system
Lj = Dtj + αj(D
2
x)
1/2η, j = 1, 2,
is not.
3. Systems with variable coefficients
We now begin to study the global hypoellipticity of system (1.1), which
has variable coefficients. Often, we will denote this system by L.
The key point in our analysis is the study of the behavior of the functions
tj ∈ T1 7→ Mj(tj , ξ) = cj(tj)pj(ξ), ξ ∈ TN , (3.1)
and its averages Mj0(ξ) = cj0pj(ξ), where
cj0 = (2π)
−1
∫ 2π
0
cj(s)ds.
Based on these notations we consider the following sets
Zj = {ξ ∈ ZN ; Mj0(ξ) ∈ Z} and Z =
n⋂
j=1
Zj . (3.2)
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We will present some connections between the global hypoellipticity of
system L and the global hypoellipticity of its normal form L0 defined in
(1.4).
In order to better present these connections, we separate our results in two
subsections: Necessary conditions 3.1 and Sufficient conditions 3.2. Before
that, we recall the following results:
Theorem 3.1 (See [2]). Consider the system
Lj = Dtj + (aj(tj) + ibj(tj))Dx, j = 1, . . . , n, (3.3)
defined on Tnt × T1x and set
J = {j ∈ {1, . . . , n}; bj ≡ 0} = {j1 < . . . < jk}.
Then, the system (3.3) is globally hypoelliptic if and only if at least one of
the following conditions holds:
a) There exists bj 6≡ 0 that does not change sign;
b) If J 6= ∅, then (aj10, . . . , ajk0) is neither rational nor a Liouville vector.
Proposition 3.2. Let u ∈ D′(Tn+N) be a distribution and its x-Fourier
coefficients
û(·, ξ) = (2π)−n < u(·, x), e−ixξ >, ξ ∈ ZN .
Given a sequence {cξ(·)}ξ∈ZN of smooth functions on Tn, the formal series
u =
∑
ξ∈ZN cξ(t)e
ix·ξ converges in D′(Tn+N) if and only if for any α ∈ Zn+
there exist positive constants C, M and R such that
|∂αt cξ(t)| ≤ C‖ξ‖−M , ‖ξ‖ ≥ R. (3.4)
Moreover, u ∈ C∞(Tn+N) if and only if (3.4) holds true for every M > 0.
In both cases, cξ(·) = û(·, ξ).
3.1. Necessary conditions
This section is intended to provide necessary conditions to the global
hypoellipticity of system L. The first result, Proposition 3.3, exhibits a
number-theoretical condition, while Theorem 3.5 shows that the global hy-
poellipticity of system L0 is a necessary condition.
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Proposition 3.3. If L is globally hypoelliptic, then the set Z, defined in
(3.2), is finite.
Proof: Admit that Z is an infinite set and consider a sequence {ξℓ} ∈ Z such
that ‖ξℓ‖ is increasing. Thus, we can define the following smooth functions
on Tn:
û(t, ξℓ) = Kℓ
n∏
j=1
exp
(
−i
∫ tj
0
Mj(r, ξℓ)dr
)
, ℓ ∈ N,
where the constants Kℓ are chosen as follows: for each j ∈ {1, . . . , n} consider
the sequence {τ (j)ℓ } defined by∫ τ (j)
ℓ
0
ℑMj(r, ξℓ)dr .= max
τ∈[0,2π]
∫ τ
0
ℑMj(r, ξℓ)dr, ℓ ∈ N,
and set
Kℓ =
n∏
j=1
exp
(
−
∫ τ (j)
ℓ
0
ℑMj(r, ξℓ)dr
)
, ℓ ∈ N.
Note that |û(t, ξℓ)| ≤ 1 for all t ∈ Tn and for all ℓ ∈ N. Also, by writing
τℓ = (τ
(1)
ℓ , . . . , τ
(n)
ℓ ), we have |û(τℓ, ξℓ)| = 1 for all ℓ ∈ N, which implies:
u(t, x)
.
=
∞∑
ℓ=1
û(t, ξℓ)e
iξℓ·x ∈ D′(Tn+N) \ C∞(Tn+N).
On the other hand, coefficients û(t, ξℓ) satisfy equations
∂tj û(t, ξℓ) + iMj(tj , ξℓ)û(t, ξℓ) = 0, j = 1, . . . , n,
which implies Lju = 0 for each j = 1, . . . , n. Therefore, L is not globally
hypoelliptic.

Remark 3.4. Proposition 3.3 recovers the well known result on the non
global hypoellipticity for a differential system
Lj = Dtj + aj(tj)Dx, j = 1, . . . , n,
defined on Tnt × T1x, where each aj(tj) is a real-valued function with rational
average aj0. In fact, we have that qZ ⊂ Z for any positive integer q, such
that qaj0 ∈ Z for all j = 1, . . . , n.
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Theorem 3.5. If L is globally hypoelliptic, then L0 is also globally hypoel-
liptic.
Proof: Suppose that L0 is not globally hypoelliptic. By a slight modification
on the proof of Lemma 3.1, in [3], we may obtain a sequence {ξℓ} such that
‖ξℓ‖ is increasing and
max
j=1,...,n
|1− exp(−2πiMj0(ξℓ))| < ‖ξℓ‖−ℓ, ℓ ∈ N. (3.5)
Now, by Proposition 3.3 we may assume that Z = ∩nj=1Zj is finite and
ξℓ /∈ Z for all ℓ ∈ N. In other words, for each ℓ, at least one j ∈ {1, . . . , n}
satisfies ξℓ /∈ Zj . In particular, there exist k ∈ {1, . . . , n} such thatMk0(ξℓ) /∈
Z for infinitely many index ℓ.
Now, consider the sequence tℓ = (t1ℓ, . . . , tnℓ) ∈ [0, 2π]n where each tjℓ is
defined by ∫ tjℓ
0
ℑMj(r, ξℓ)dr = max
τ∈[0,2π]
∫ τ
0
ℑMj(r, ξℓ)dr.
Therefore, for each j = 1, . . . , n and each ℓ we have∫ tj
tjℓ
ℑMj(r, ξℓ)dr =
∫ tj
0
ℑMj(r, ξℓ)dr −
∫ tjℓ
0
ℑMj(r, ξℓ)dr ≤ 0, (3.6)
for all tj ∈ [0, 2π].
By taking a subsequence, if necessary, we may assume that tℓ converges
to t0 = (t
0
1, . . . , t
0
n) ∈ [0, 2π]n.
For each j = 1, . . . , n we consider a compact interval Ij
.
= [Aj, Bj ] ⊂
(0, 2π) such that t0j /∈ Ij . Also, we take a non-negative function φj ∈
C∞c (Ij ;R) such that
∫ 2π
0
φj(tj)dtj = 1.
Construction of a singular solution
Our goal from now on will be to construct a sequence of smooth coeffi-
cients û(t, ξℓ) such that
u(t, x) =
∞∑
ℓ=1
û(t, ξℓ)e
iξℓ·x ∈ D′(Tn+N) \ C∞(Tn+N),
and fj
.
= Lju ∈ C∞(Tn+N), for all j = 1, . . . , n.
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Given j ∈ {1, . . . , n} and ℓ ∈ N, we will first construct auxiliar smooth
coefficients ûj(tj , ξℓ), tj ∈ [0, 2π]. For that, we will split the case in two: on
one hand Mj0(ξℓ) will be an integer number and, on the other, it will not.
Case 1: If ξℓ ∈ Zj , that is, Mj0(ξℓ) ∈ Z, we define the following 2π-
periodic smooth function
ûj(tj , ξℓ) = Kjℓ exp
(
−i
∫ tj
0
Mj(r, ξℓ)dr
)
,
where the constant Kjℓ is given as follows
Kjℓ = exp
(
−
∫ tjℓ
0
ℑMj(r, ξℓ)dr
)
.
In this case, it is easy to see that |ûj(tj, ξℓ)| ≤ 1 for all tj ∈ [0, 2π] and
|ûj(tjℓ, ξℓ)| = 1. Furtheremore, iL̂juj(tj , ξℓ) .= (∂tj+iMj(tj, ξℓ))ûj(tj, ξℓ) = 0.
Case 2: If ξℓ /∈ Zj we consider the function ĝj(·, ξℓ) as being the 2π−periodic
extension of the function
(
1− e−2πiMj0(ξℓ)) exp(− ∫ tj
tjℓ
iMj(s, ξℓ)ds
)
φj(tj), tj ∈ [0, 2π].
Therefore, in order to define the coefficient ûj(·, ξℓ) we consider the equation
iL̂juj(tj , ξℓ)
.
= (∂tj + iMj(tj, ξℓ))ûj(tj , ξℓ) = ĝj(tj, ξℓ) obtaining the following
solution
ûj(tj , ξℓ) =
1
1− e−2πiMj0(ξℓ)
∫ 2π
0
exp
(
−
∫ tj
tj−s
iMj(r, ξℓ)dr
)
ĝj(tj − s, ξℓ)ds.
Note that if j ∈ {1, . . . , n} is such that ξℓ /∈ Zj , for infinitely many indexes
ℓ, then ĝj(·, ξℓ) and its derivatives dacay rapidly when ℓ goes to infinity.
Indeed, since the toroidal symbol p(ξ) increases slowly, our statement follows
from inequalities (3.5) and (3.6). Also, in this case, we claim that |ûj(·, ξℓ)|
is bounded when ℓ is sufficiently large. To verify this, we write
δjℓ = (1− e−2πiMj0(ξℓ))−1 and Γj,ℓ(r) = ℑMj(r, ξℓ).
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Hence:
|ûj(tj , ξℓ)| ≤ δjℓ
[ ∫ tj
0
exp
(∫ tj
tj−s
Γj,ℓ(r)dr
)
|ĝj(tj − s, ξℓ)|ds+
+
∫ 2π
tj
exp
(∫ tj
tj−s
Γj,ℓ(r)dr
)
|ĝj(tj − s+ 2π, ξℓ)|ds
]
=
∫ tj
0
exp
(∫ tj
tjℓ
Γj,ℓ(r)dr
)
φj(tj − s)ds+
+
∫ 2π
tj
exp
(∫ tj
tj−s
Γj,ℓ(r)dr +
∫ tj−s+2π
tjℓ
Γj,ℓ(r)dr
)
φj(tj − s+ 2π)ds
=
∫ tj
0
exp
(∫ tj
tjℓ
Γj,ℓ(r)dr
)
φj(tj − s)ds+
+
∫ 2π
tj
exp
(∫ tj
tjℓ
Γj,ℓ(r)dr + 2πℑMj0(ξℓ)
)
φj(tj − s + 2π)ds.
It follows from (3.5) that ℑMj0(ξℓ) → 0, since ℑMj0(ξℓ) /∈ Z. Thus,
there exist ǫ > 0 such that exp(2πℑMj0(ξℓ)) ≤ 1+ ǫ, when ℓ is large enough.
Then, inequality (3.6) together with the previous one imply, for sufficiently
large ℓ, the following:
|ûj(tj , ξℓ)| ≤ 2 + ǫ, ∀tj ∈ [0, 2π].
Now, let us verify that |ûj(tjℓ, ξℓ)| → 1. Firstly, if t0j > Bj , then, for
sufficiently large ℓ, we have tjℓ > Bj and
|û(tjℓ, ξℓ)| =
∫ 2π
0
φj(tjℓ − s)ds =
∫ tjℓ
0
φj(τ)dτ = 1.
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On the other hand, if t0j < Aj, then tjℓ < Aj , for ℓ sufficiently large, and
|ûj(tjℓ, ξℓ)| =
∣∣∣ ∫ 2π
0
exp
(
−
∫ tjℓ
tjℓ−s
iMj(r, ξℓ)dr
)
× exp
(
−
∫ tjℓ−s+2π
tjℓ
iMj(r, ξℓ)dr
)
φj(tjℓ − s+ 2π)ds
∣∣∣
= exp(2πℑMj0(ξℓ))
∫ 2π
0
φj(tjℓ − s+ 2π)ds
= exp(2πℑMj0(ξℓ))
∫ 2π
0
φj(tjℓ − s)ds
= exp(2πℑMj0(ξjℓ))
∫ tjℓ
tjℓ−2π
φj(s)ds
= exp(2πℑMj0(ξℓ)).
Hence |ûj(tjℓ, ξℓ)| → 1, when ℓ goes to infinity.
Final part
We define
û(t, ξℓ) = û(t1, . . . , tn, ξℓ)
.
=
n∏
j=1
ûj(tj , ξℓ).
Thus |û(t, ξℓ)| ≤ (2 + ǫ)n for all t ∈ Tn and for ℓ ∈ N sufficiently large.
Hence,
u(t, x) =
∞∑
ℓ=1
û(t, ξℓ)e
ixξℓ ∈ D′(Tn+N).
It follows from the previous construction that |û(tℓ, ξℓ)| converges to 1
when ℓ goes to infinity, which implies that u(t, x) is not a smooth function
on Tn+N .
Finally, note that for each k ∈ {1, . . . , n} we have
f̂k(t, ξℓ)
.
= L̂ku(t, ξℓ) =
(
n∏
j=1,j 6=k
ûj(tj , ξℓ)
)
L̂kuk(tk, ξℓ)
=
{ (∏n
j=1,j 6=k ûj(tj, ξℓ)
)
ĝk(tk, ξℓ), if ξℓ /∈ Zk,
0, if ξℓ ∈ Zk.
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Since ĝk(tk, ξℓ) decays rapidly and for each j we have |ûj(tj , ξℓ)| ≤ 2 + ǫ,
for all tj and all ℓ sufficiently large. Then, f̂k(t, ξℓ) decays rapidly. It follows
that fk ∈ C∞(Tn+N ).

3.2. Sufficient conditions
The starting point here is the fact that the reciprocal of Theorem 3.5 is
not true. For instance, consider system L given by
Lj = Dtj + i bj(tj)Dx, j = 1, . . . , n,
where each bj is a real-valued function that changes sign and, additionally,
suppose that there exists an average bk0 that is not zero. Thus, operator
Lk0 is globally hypoelliptic on T1tk×T1x, which implies that the same happens
with system L0 (see Corollary 2.3). However, in view of Theorem 3.3, system
L is not globally hypoelliptic.
Regarding system L, given in (1.1), since the existence of a globally hy-
poelliptic operator Lj0 in T
1
tj
×TNx implies the global hypoellipticity of L0, it
is natural to look for additional conditions on just the operator Lj in order
to obtain the global hypoellipticity of L.
In order to state the main result in this section, it will be necessary to
establish some preliminary definitions. We will now move on to describing
them. Firstly, motivated by [6], we consider the following Ho¨rmander condi-
tion for a real-valued function ψ defined on T1 × ZN (see Chapter XXIII in
[11]): there exists a positive constant Θ such that
sup
t∈T1
ψ(t, ξ) > −Θ, ∀ξ ∈ ZN . (3.7)
Furthermore, taking inspiration from [7], we say that a function φ : ZN → C
has at most logarithmic growth, if there are positive constants κ and n0 such
that
|φ(ξ)| ≤ κ log(‖ξ‖), ∀‖ξ‖ ≥ n0. (3.8)
By simplicity, when this property is verified we write φ(ξ) = O(log(‖ξ‖)).
When it is not, we say that φ(ξ) has super-logarithmic growth.
Now, with respect to the system under study, for each j ∈ {1, . . . , n}, we
write the symbol pj(ξ) = αj(ξ) + iβj(ξ) and the correspondent coefficient as
cj(t) = aj(tj) + ibj(tj).
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Definition 3.6. Consider the functions
ℑMj(tj , ξ) = aj(tj)βj(ξ) + bj(tj)αj(ξ).
We denote by H the set of j ∈ {1, . . . , n} such that ℑMj satisfies condition
(3.7) and by L the set of j ∈ {1, . . . , n} such that one the following conditions
hold:
(i) pj(ξ) = O(log(‖ξ‖));
(ii) αj(ξ) = O(log(‖ξ‖)), βj(ξ) has super-logarithmic growth and aj(·) does
not change sign;
(iii) αj(ξ) has super-logarithmic growth, βj(ξ) = O(log(‖ξ‖)) and bj(·) does
not change sign.
We are now ready to state the main result in this section.
Theorem 3.7. If there exists j ∈ {1, . . . , n} such that Lj0 is globally hypoel-
liptic on T1tj ×TNx and j ∈ H ∪ L, then the system L is globally hypoelliptic.
Remark 3.8. We recall that if operator Lj is globally hypoelliptic, then the
same occurs to Lj0. Therefore, Theorem 3.7 can be rewritten just by replacing
the hypothesis “Lj0 is globally hypoelliptic” for “Lj is globally hypoelliptic”.
The strategy for proving Theorem 3.7 will be the following: firstly, in
Proposition 3.9 we exhibit an abstract condition that, in addition with the
global hypoellipticity of some Lj0, ensures that system L is globally hypoel-
liptic. Hence, the proof of Theorem 3.7 will be given as a consequence of
Propositions 3.10, 3.14 and 3.17. Each one of these propositions will be pre-
sented in a separate subsection and, in addition, several examples will be
provided in order to clarify our results.
Proposition 3.9. Admit that operator Lj0 is globally hypoelliptic. If there
exist positive constants C,M and R such that either
sup
(ζ,τ)∈T2
[
exp
(∫ ζ
ζ−τ
ℑMj(s, ξ)ds
)]
≤ C‖ξ‖M , ‖ξ‖ ≥ R,
or
sup
(ζ,τ)∈T2
[
exp
(
−
∫ ζ+τ
ζ
ℑMj(s, ξ)ds
)]
≤ C‖ξ‖M , ‖ξ‖ ≥ R,
then the system L is global hypoelliptic.
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Proof: Let u ∈ D′(Tn+N ) be a solution of the equations
iLku = fk ∈ C∞(Tn+N), k = 1, . . . , n.
Let j ∈ {1, . . . , n} be so that the hypothesis are fulfilled. We will show
that, in fact, u is a smooth function.
By using the x-Fourier series
u(t, x) =
∑
ξ∈Z
û(t, ξ)eiξx and fj(t, x) =
∑
ξ∈Z
f̂j(t, ξ)e
iξx,
it follows that equation iLju = fj is equivalent to the ordinary differential
equations
∂tj û(t, ξ) + iMj(tj, ξ)û(t, ξ) = f̂j(t, ξ), t ∈ Tn, (3.9)
for every ξ ∈ ZN .
For each ξ /∈ Zj , equation (3.9) has exactly one solution which can be
written in the following two equivalent ways:
û(t, ξ) =
1
1− e−2πiMj0(ξ)
∫ 2π
0
Hj(t, τ, ξ)f̂j(t1, . . . , tj − τ, . . . , tn, ξ)dτ (3.10)
and
û(t, ξ) =
1
e2πiMj0(ξ) − 1
∫ 2π
0
Gj(t, τ, ξ)f̂j(t1, . . . , tj + τ, . . . , tn, ξ)dτ, (3.11)
where
Hj(t, τ, ξ) = exp
(
−i
∫ tj
tj−τ
Mj(s, ξ)ds
)
, ξ ∈ ZN
and
Gj(t, τ, ξ) = exp
(
i
∫ tj+τ
tj
Mj(s, ξ)ds
)
, ξ ∈ ZN .
Since Lj0 is globally hypoelliptic, the corresponding set Zj is finite and
there are positive constants C1, M1 and R1 such that
|1− e−2πiMj0(ξ)| ≥ C1‖ξ‖−M1, ‖ξ‖ ≥ R1. (3.12)
Also, since function fj is smooth, given γ ∈ Zn+ and N˜ > 0, we obtain
positive constants C2 and R2 satisfying
sup
t∈Tn
|∂γt f̂j(t, ξ)| ≤ C2‖ξ‖−N˜ , ‖ξ‖ ≥ R2. (3.13)
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Hence, given α = (α1, . . . , αn) ∈ Zn+, we obtain, from Leibniz’s formula,
equations (3.10), (3.12) and (3.13) that
|∂αt û(t, ξ)| ≤ C ′‖ξ‖M1+αjmj−N˜
∫ 2π
0
exp
(∫ tj
tj−τ
ℑMj(s, ξ)ds
)
dτ, (3.14)
for ‖ξ‖ large enough with C ′ = C1C2C3, where the constant C3 > 0, obtained
using (1.3), depends only on α and the function cj .
On the other hand, by similar arguments, it follows from (3.11) that
|∂αt û(t, ξ)| ≤ C ′‖ξ‖M1+αjmj−N˜
∫ 2π
0
exp
(
−
∫ tj+τ
tj
ℑMj(s, ξ)ds
)
dτ. (3.15)
Finally, we obtain from the hypothesis, inequalities (3.14) and (3.15) that
|∂αt û(t, ξ)| ≤ C ′C‖ξ‖M+M1+αjmj−N˜ .
Therefore, it follows from Proposition 3.2 that u is a smooth function on
Tn+N , which concludes the proof.

3.2.1. Ho¨rmander condition
In the next proposition we prove the global hypoellipticity for system
L by assuming that some Lj0 is globally hypoelliptic and ℑMj satisfies
Ho¨rmander’s condition (3.7).
Proposition 3.10. If there exists j ∈ H such that Lj0 is globally hypoelliptic
on T1tj × TNx , then system L is globally hypoelliptic.
Proof: Let u be a distribution on Tn+N such that
iLju = fj ∈ C∞(Tn+N),
for each j ∈ {1, . . . , n} and consider solutions (3.11) and estimate (3.15).
By hypothesis (3.7) we get∫ 2π
0
exp
(
−
∫ tj+τ
tj
ℑMj(s, ξ)ds
)
dτ ≤ exp(2πΘj).
Therefore, by Proposition 3.9, system L is globally hypoelliptic.

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Remark 3.11. It is important to point out that condition (3.7) can be re-
placed by
ℑMj(·, ξ) ≤ Θj, ∀ξ ∈ Zn,
in view of the equivalence between equations (3.10) and (3.11).
Corollary 3.12. Admit that Lj0 is globally hypoelliptic on T
1
tj
× TNx . If
ℑMj(·, ξ) does not change sign, for sufficiently large ξ, then system L is
globally hypoelliptic.
We highlight that when we consider system (3.3) and there exists j, such
that ℑMj(tj, ξ) = bj(tj)ξ does not change sign for sufficiently large ξ, then
Corollary 3.12 recovers the well known NirenbergTreves condition (P) for the
vector field Lj . Therefore, system (3.3) is globally hypoelliptic. However,
this is not a necessary condition for the class of pseudo-differential systems
studied in this work, as we show in the next example.
Example 3.13. Motivated by Example 3 in [6], let P (Dx) be a pseudo-
differential operator on T1 with symbol p(ξ) = α(ξ)+iβ(ξ) defined as follows:
α(ξ) =

ξ−1, if ξ < 0 is odd,
|ξ|, if ξ ≤ 0 is even,
0, if ξ > 0,
and β(ξ) =
{
1, if ξ ≤ 0,
ξ, if ξ > 0.
Now, let a(·) and b(·) be two real-valued, smooth and positive functions
on T1 with disjoint supports and define L = Ds + (a(s) + ib(s))P (Dx).
Notice that
ℑM(s, ξ) =

a(s) + b(s)/ξ, if ξ < 0 is odd,
a(s) + b(s)|ξ|, if ξ ≤ 0 is even,
a(s)ξ, if ξ > 0,
then condition (3.7) is fulfilled by choosing Θ = maxs∈T1 b(s). Moreover, if
s ∈ supp(b) we have ℑM(s, ξ) < 0, for ξ < 0 odd, and ℑM(s, ξ) > 0, for
ξ < 0 even.
Now, assume b0 /∈ {ma0; m ∈ Z}. It follows from
ℑM0(ξ) =

a0 + b0/ξ, if ξ < 0 is odd,
a0 + b0|ξ|, if ξ ≤ 0 is even,
a0ξ, if ξ > 0,
that ℑM0(ξ) 6= 0, for all ξ ∈ Z. Thus, L0 is globally hypoelliptic by Proposi-
tion 3.2 in [7]. Hence, any system in the form L = {L1, . . . , Ln−1,L}, defined
on Tn+1, is globally hypoelliptic.
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3.2.2. Logarithm growth
Now, we assume that the symbol pj(ξ) of some operator Lj has at most
logarithmic growth. In this case, supposing that the associated constant
operator Lj0 is globally hypoelliptic, the conclusion of Theorem 3.9 can be
given as follows:
Proposition 3.14. If some Lj0 is globally hypoelliptic on T1tj × TNx and
pj(ξ) = O(log(‖ξ‖)), then system L is globally hypoelliptic.
Proof: By Proposition 3.9, it is sufficient to exhibit positive constants δ and
R such that
sup
(tj ,τ)∈T2
∣∣∣∣∣exp
(
−i
∫ tj
tj−τ
Mj(s, ξ)ds
)∣∣∣∣∣ ≤ ‖ξ‖δ, ∀ ‖ξ‖ ≥ R.
Consider constants δ1,j < 0, ǫ1,j < 0 and δ2,j > 0, ǫ2,j > 0 such that
δ1,j ≤
∫ tj
tj−τ
aj(s)ds ≤ δ2,j and ǫ1,j ≤
∫ tj
tj−τ
bj(s)ds ≤ ǫ2,j , (3.16)
for all (tj , τ) ∈ T2.
Now, let κj > 0 and n0 > 0 such that
|αj(ξ)| ≤ log(‖ξ‖κj) and |βj(ξ)| ≤ log(‖ξ‖κj), (3.17)
for all ‖ξ‖ ≥ n0.
The inequalities (3.16) and (3.17) imply that
αj(ξ)
∫ tj
tj−τ
bj(s)ds ≤
{
log(‖ξ‖κjǫ2,j), if αj(ξ) > 0,
log(‖ξ‖−κjǫ1,j), if αj(ξ) < 0,
(3.18)
and
βj(ξ)
∫ tj
tj−τ
aj(s)ds ≤
{
log(‖ξ‖κjδ2,j ), if βj(ξ) > 0,
log(‖ξ‖−κjδ1,j ), if βj(ξ) < 0,
for all ‖ξ‖ ≥ n0 and for all (tj, τ) ∈ T2.
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Hence, it follows that∣∣∣∣∣exp
(
−i
∫ tj
tj−τ
Mj(s, ξ)ds
)∣∣∣∣∣ = exp
(∫ tj
tj−τ
ℑMj(s, ξ)ds
)
= exp
(
αj(ξ)
∫ tj
tj−τ
bj(s)ds+ βj(ξ)
∫ tj
tj−τ
aj(s)ds
)
≤ ‖ξ‖δ,
for all ‖ξ‖ ≥ n0 and for all (tj , τ) ∈ T2, where δ = max{κjǫ2,j ,−κjǫ1,j} +
max{κjδ2,j,−κjδ1,j}.

Example 3.15. Let b be a real-valued function on T1 that changes sign and
b0 6= 0. Consider a pseudo-differential operator P (Dx) on T1 defined by the
symbol p(ξ) = log(1+ |ξ|) and set L = Dt+ ib(t)P (Dx). Under these condi-
tions, any system in the form L = {L1, . . . , Ln−1,L } is globally hypoelliptic
on Tn+1.
Remark 3.16. We point out that the operator L in Example 3.15 does not
satisfy the Ho¨rmander’s condition (3.7). On the other hand, the operator L,
in Example 3.13, does not meet any of the logarithmic conditions in Defini-
tion 3.6.
3.2.3. Super-logarithm growth
The goal of this section is to analyze the global hypoellipticity of system
L, in the case where there exists j ∈ L such that Lj0 is globally hypoelliptic
and ℑMj satisfies either condition (ii) or condition (iii) in Definition 3.6.
Proposition 3.17. If some Lj0 is globally hypoelliptic on T1tj×TNx and either
condition (ii) or condition (iii), both from Definition 3.6, is fulfilled, then L
is globally hypoelliptic.
Proof: We restrict the proof only to the case where condition (ii) holds, since
the other one is similar to this case. Suppose, for a moment, that aj(·) ≥ 0
and define the following sets
β− = {ξ ∈ ZN ; βj(ξ) ≤ 0} and β+ = {ξ ∈ ZN ; βj(ξ) ≥ 0}.
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If ξ ∈ β− is large enough, we consider û(t, ξ) as in (3.10). On the other
hand, for ξ ∈ β+ large enough, we use the equivalent expression (3.11).
Notice that if ξ ∈ β−, then it follows by (3.18) the existence of a constant
γ1 such that
αj(ξ)
∫ tj
tj−τ
bj(s)ds ≤ log(‖ξ‖γ1). (3.19)
Since aj(s)βj(ξ) ≤ 0, we have∣∣∣∣∣exp
(
−i
∫ tj
tj−τ
Mj(s, ξ)ds
)∣∣∣∣∣ ≤ ‖ξ‖γ1,
for ‖ξ‖ large enough.
Now, if ξ ∈ β+, there exist a constant γ2 such that
−αj(ξ)
∫ tj+τ
tj
bj(s)ds ≤ log(‖ξ‖γ2). (3.20)
In this case, aj(s)βj(ξ) ≥ 0 and∣∣∣∣∣exp
(
i
∫ tj+τ
tj
Mj(s, ξ)ds
)∣∣∣∣∣ ≤ ‖ξ‖γ2.
Finally, if aj(·) ≤ 0, the proof is completely analogous to the previous one
and can be obtained by interchanging the use of solutions (3.10) and (3.11).

Example 3.18. Inspired by Example 4.11 in [7], let b(·) be the 2π−periodic
extension of a real smooth nonzero function defined on (0, 2π) with inte-
gral equals to zero. Additionally, let a(·) be the 2π-periodic extension of the
function 1 − ψ, where ψ ∈ C∞c ((0, 2π),R), 0 ≤ ψ(t) ≤ 1 and ψ ≡ 1 in a
neighborhood of the support of b.
Consider a pseudo-differential operator P (Dx) defined on T1 with symbol
p(ξ) = 1 + i(|ξ| log(1 + |ξ|)). Then
L = Dt + (a(t) + ib(t))P (Dx), (t, x) ∈ Tn+1,
is globally hypoelliptic and, consequently, so is L0. Therefore, any system in
the form L = {L1, . . . , Ln−1,L} is globally hypoelliptic on Tn+1.
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4. Reduction to normal form
As remarked in the beginning of Section 3.2, the global hypoellipticity
of L0 is not enough to guarantee the same for system L. In addition, the
sufficient conditions presented in Theorem 3.7 require some operator Lj0
being globally hypoelliptic, and, therefore, by Corollary 2.3, system L0 is
also globally hypoelliptic. However, it is possible for system L to be globally
hypoelliptic, even though the same is not true for some operator Lj0.
In fact, consider the system L, defined on T3, given by
Lj = Dtj + aj(tj)Pj(Dx), j = 1, 2,
where
∫ 2π
0
aj(s)ds = 1 and the symbols pj(ξ) are those defined in Example
2.5. In this case, both Lj0 are not globally hypoelliptic. On the other hand,
since each function ℑMj(tj, ξ) = aj(t)βj(ξ) satisfies condition (iii) in Defini-
tion 3.6, system L is globally hypoelliptic as a consequence of the results in
this section (see Corollary 4.4).
The main goal of this section is to establish conditions so that the global
hypoellipticity of the associated constant system L0 implies the same for
system L, without imposing any further conditions on the operators Lj0.
In order to not overload our notation, we will write
L ∼ L0
to say that system L is globally hypoelliptic if and only if system L0 is
globally hypoelliptic.
Recalling here the notations cj(tj) = aj(tj) + ibj(tj), tj ∈ T1 and pj(ξ) =
αj(ξ) + iβj(ξ), ξ ∈ ZN , we consider the 2π−periodic functions given by
Aj(tj) =
∫ tj
0
aj(s)ds− aj0tj and Bj(tj) =
∫ tj
0
bj(s)ds− bj0tj
and also the functions
A(t, ξ) =
n∑
j=1
pj(ξ)Aj(tj) and B(t, ξ) =
n∑
j=1
pj(ξ)Bj(tj).
Theorem 4.1. Suppose that for each j ∈ {1, . . . , n} there exist positive cons-
tants Cj, κj and Rj satisfying
sup
ζ∈T
{
exp
(∫ ζ
0
ℑMj(s, ξ)ds
)}
≤ Cj‖ξ‖κj , ‖ξ‖ ≥ Rj. (4.1)
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Then,
Ψu =
∑
ξ∈ZN
û(t, ξ)eB(t,ξ)−iA(t,ξ)eix·ξ (4.2)
defines an isomorphism on both spaces D′(Tn+N) and C∞(Tn+N), with in-
verse
Ψ−1u =
∑
ξ∈ZN
û(t, ξ)e−B(t,ξ)+iA(t,ξ)eix·ξ,
where u =
∑
ξ∈ZN û(t, ξ)e
ix·ξ. Moreover, L ∼ L0.
Proof: Firstly, let us prove that Ψ is well defined. By Leibniz’s formula
and (1.3), it follows that for each γ = (γ1, . . . , γn) ∈ Zn+, there are positive
constants C and n0 such that
|∂γt e−iA(t,ξ)| ≤ C‖ξ‖ω exp
{
n∑
j=1
βj(ξ)Aj(tj)
}
(4.3)
and
|∂γt eB(t,ξ)| ≤ C‖ξ‖ω exp
{
n∑
j=1
αj(ξ)Bj(tj)
}
, (4.4)
for all ‖ξ‖ ≥ n0, where ω =
∑n
j=1mjγj.
Therefore, there are positive constants C and n0 such that
sup
t∈Tn
|∂γt eB(t,ξ)−iA(t,ξ)| ≤ CM‖ξ‖ω
n∏
j=1
sup
tj∈Tj
{
exp
(∫ tj
0
ℑMj(s, ξ)ds
)}
,
for all ‖ξ‖ ≥ n0, where ω =
∑n
j=1mjγj and
M = sup
t∈Tn
{
exp
(
−
n∑
j=1
tj(aj0 + bj0)
)}
.
Hence,
sup
t∈Tn
|∂γt
(
û(t, ξ)eB(t,ξ)−iA(t,ξ)
) | ≤ C ′‖ξ‖ω+κ γ∑
σ=0
(
γ
σ
)
sup
t∈Tn
|∂γ−σt û(t, ξ)|
as ‖ξ‖ → ∞, where κ =∑nj=1 κj .
28
Now, if u ∈ D′(Tn+N) then each term |∂γ−σt û(t, ξ)| is bounded by some
polynomial, implying that Ψu belongs to D′(Tn+N). On the other hand, if u
is a smooth function on Tn+N , then all the derivatives of û(t, ξ) converge to
zero faster than any polynomial and, consequently, Ψu belongs to C∞(Tn+N ).
A similar argumentation shows that Ψ−1 is well defined.
Since the linearity of Ψ is evident, L ∼ L0 is all that remains to be proved.
By Theorem 3.5, showing the global hypoellipticity of L0 would be enough
to imply the same for L. Then, assume that L0 is globally hypoelliptic and
consider u ∈ D′(Tn+N) to be a solution of the following equations
Lju = fj ∈ C∞(Tn+N ), j = 1, . . . , n.
Since Lj = Ψ ◦ Lj0 ◦Ψ−1, we obtain
Lj0(Ψ
−1u) = Ψ(fj) ∈ C∞(Tn+N), j = 1, . . . , n,
and, by the hypothesis on L0, we get Ψ
−1u ∈ C∞(Tn+N) implying that u is
a smooth function on Tn+N . Hence, L is globally hypoelliptic.

Corollary 4.2. If pj(ξ) = O(log(‖ξ‖)), for all j ∈ {1, . . . n}, then L ∼ L0.
Proof: Estimate (4.1) can be obtained by a slight modification in the argu-
ments used in Proposition 3.14. 
In contrast with differential systems, as considered in Theorem 3.1, it is
possible, by Corollary 4.2, to obtain a globally hypoelliptic system, where
the imaginary part of each function cj changes sign.
Example 4.3. Let P (Dx) be a pseudo-differential operator on T1 with sym-
bol p(ξ) = log(1 + |ξ|) and consider the system L on Tn+1 defined by
Lj = Dtj + cj(tj)P (Dx), j = 1, . . . , n.
Then, L is globally hypoelliptic if and only if either bj0 6= 0 for some j or the
vector (a10, . . . , an0) is neither rational nor Liouville.
The next result shows that we can consider different types of growth for
the function ℑMj, in order to obtain the conclusion of Theorem 4.1. More
precisely, since any of the conditions in Definition 3.6 imply (4.1), we get the
following result.
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Corollary 4.4. If {1, . . . , n} ⊂ H ∪ L, then L ∼ L0.
Example 4.5. Consider the system
Lj = Dtj + cj(tj)Pj(Dx), j = 1, 2, 3,
defined on T4, where:
• there exists a constant Θ, such that ℑM1(·, ξ) ≤ Θ, ∀ξ ∈ Z;
• p2(ξ) = log(1 + |ξ|);
• p3(ξ) = 1 + iξ and a3 is positive.
In this case, H ∪ L = {1, 2, 3}, then L ∼ L0.
4.1. Partial normal forms
This section discusses some partial normal forms, namely, the systems
La0 and Lb0 defined respectively by
Laj0 = Dtj + (aj0 + ibj(tj))Pj(Dx), j = 1, . . . , n
and
Lbj0 = Dtj + (aj(tj) + ibj0)Pj(Dx), j = 1, . . . , n.
To this end, set
Ψau =
∑
ξ∈ZN
û(t, ξ)e−iA(t,ξ)eix·ξ and Ψbu =
∑
ξ∈ZN
û(t, ξ)eB(t,ξ)eix·ξ.
Proposition 4.6. If βj(ξ) = O(log(‖ξ‖)), for each j = 1, . . . n, then Ψa is
an isomorphism on both the spaces D′(Tn+N) and C∞(Tn+N ). In addition,
the following conjugation holds
Laj0 = Ψ
−1
a ◦ Lj ◦Ψa, (4.5)
where
Ψ−1a u =
∑
ξ∈ZN
û(t, ξ)eiA(t,ξ)eix·ξ. (4.6)
In this case, L ∼ La0 .
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Analogously, if αj(ξ) = O(log(‖ξ‖)), for each j = 1, . . . n, then Ψb is an
isomorphism on both the spaces D′(Tn+N) and C∞(Tn+N), and it satisfies
Lbj0 = Ψ
−1
b ◦ Lj ◦Ψb, (4.7)
where
Ψ−1b u =
∑
ξ∈ZN
û(t, ξ)e−B(t,ξ)eix·ξ. (4.8)
In this case, L ∼ Lb0 .
Proof: Let us start with the partial normal form La0 . For this, set
ψa(t, ξ) = e
−iA(t,ξ)û(t, ξ), ξ ∈ ZN .
Given γ = (γ1, . . . , γn) ∈ ZN+ , it follows from Leibiniz’s formula and the
inequality (4.3) that
|∂γt ψa(t, ξ)| ≤ C‖ξ‖ω exp
{
n∑
j=1
βj(ξ)Aj(tj)
}
γ∑
σ=0
(
γ
σ
)
|∂γ−σt û(t, ξ)|, (4.9)
where ω =
∑n
j=1mjγj. Since βj(ξ) = O(log(‖ξ‖)), there exist κj > 0 and
nj0 ∈ N such that
|βj(ξ)| ≤ log(‖ξ‖κj), ∀ ‖ξ‖ ≥ nj0. (4.10)
By an approach similar to the one in the proof of Proposition 3.14, we
obtain constants satisfying
eβj(ξ)Aj(tj) ≤ ‖ξ‖δj , ‖ξ‖ ≥ nj0, (4.11)
Hence, it follows from (4.9) and (4.11) that
|∂γt ψa(t, ξ)| ≤ C‖ξ‖ω+δj
γ∑
σ=0
(
γ
σ
)
|∂γ−σt û(t, ξ)|, ‖ξ‖ → ∞.
Now, it is easy to see that if u ∈ D′(Tn+N ), then Ψau ∈ D′(Tn+N), while
u ∈ C∞(Tn+N) imply Ψau ∈ C∞(Tn+N ). By a slight modification in the
above arguments, we may obtain the same conclusion for Ψb. The checking
of (4.5) and (4.7) is immediate.
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Now, admit that L is globally hypoelliptic and let u ∈ D′(Tn+N) be a
solution of
Laj0u = fj ∈ C∞(Tn+N ), j = 1, . . . , n.
It follows from (4.5) that
Lj(Ψau) = Ψa(fj) ∈ C∞(Tn+N), j = 1, . . . , n.
By the hypoellipticity of L we have that Ψau ∈ C∞(Tn+N ), which implies
u ∈ C∞(Tn+N). Therefore, La0 is globally hypoelliptic and the sufficiency is
proved. The necessary part is obtained by similar arguments. The statement
L ∼ Lb0 can be verified by following the same ideas.

Remark 4.7. Proposition 4.6 recovers the following, well known, result for
systems of vector fields: system (3.3) is globally hypoelliptic if and only if the
same holds true for the system
Laj0 = Dtj + (aj0 + ibj(tj))Dx, j = 1, . . . , n.
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